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1. Introduction 



Recently, the superstring was covariantly quantized using the BRST operator Q = 
J \ a d a where d a is the fermionic Green- Schwarz constraint and A" is a pure spinor satis- 
fying 

A a 7^ = (1.1) 

for /j, — to 9 [0 . In order to prove equivalence of the cohomology of Q with the light-cone 
Green-Schwarz spectrum, it was useful to solve the pure spinor constraint of (1.1) using an 



SO (8) parameterization of A a and rewrite Q in terms of unconstrained variables fl2|. This 
SO (8) parameterization of A a is more complicated than the U(5) parameterization of 
since it involves an infinite number of gauge degrees of freedom. However, it was necessary 
for the cohomology computation since the U(5) parameterization becomes singular at 
certain values of A a . 

In this paper, SO(9, 1) Lorentz generators will be explicitly constructed out of these 
unconstrained SO (8) variables, thereby proving Lorentz invariance of the cohomology com- 
putation. Although part of this construction already appeared in || , the most complicated 
Lorentz generator, M 3 ~, was left incomplete. As will be shown here, verifying that M 3 ~ 
satisfies [M 3 ~, M k ~] = [M 3 ~, Q] = involves several rather impressive cancellations. 



2. SO (8) Variables 

As discussed in 0, the pure spinor constraint of ( |Llp for A a can be solved in terms 
of SO (8) variables s a and v 3 satisfying s a s a = as 

( 7 +A) a = s a , (j-\) d = afv 3 s a , (2.1) 

where 7 ± = ^(7° ± 7 9 ), a" a are SO (8) Pauli matrices satisfying cr? a cr^™ = 25jkS ab , and 
(j, a, d) = 1 to 8 are SO (8) vector, chiral and anti-chiral indices. The gauge invariance 
Sv 3 = o~ J ah s a e a of the parameterization of ( |2.1|) leads to an infinite chain of ghosts-for-ghosts 
(s a , v 3 M , f^f) for M = to 00, and their conjugate momenta (r a , w 3 M , «^), where Vq = v 3 of 
(pTT|), (s a , r a , v 3 M , w 3 M ) are bosons and (t^ , u\ { ) are fermions. Also, the condition s a s a = 
can be treated as a BRST constraint by introducing the fermionic ghost and anti-ghost 
(b,c). 
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In terms of these unconstrained SO (8) variables, it was shown in || that the BRST 
operator Q = f X a d a can be rewritten as 

Q'= I (s a G a - bs a s a + cT) (2.2) 



where 



G a = (j~d) a + a] a v J (-/ + d) a + G a , (2.3) 

t = in- + viw + \vU^ + + t a oh + dr + f, 

oo oo 
M=0 M=0 

and d Q and n^ 1 are the fermionic and bosonic super-Poincare covariant momenta. SO(9, 1) 
Lorentz generators will now be defined which commute with Q' , proving the Lorentz in- 
variance of the BRST cohomology. 



3. SO(9, 1) Lorentz Generators 

The SO (9,1) Lorentz generators will be defined as 

= j \u iV + N» u ) (3.1) 

where L^ v = x^dx v + ^6^ u p is constructed in the usual manner from the (x^,9 a ,p a ) 
superspace variables and N^ u is constructed from the unconstrained SO (8) variables of 
section 2. It will now be shown that 



N jk = _ a a (a i* )afcr 6 + ^ [v V w Q + -e M (a^) ah u h M l (3.2) 

M=0 



N J+ = w J , 



oo 

AT+- = be - -s a r a + £ K M + !)« + (M + -)&<], 

M=0 

ATi- = -Sdvi - v$W k - v 3 N+- - ^v*v*wl + vUwo + \c<?L4r a (3.3) 



oo oo 



+ A klm V M V N W M+N + 2-e fed 6 V M l N u M+N+ 2-^1 abk l M Z N W M+N+H 

M,N=1 M=l N=0 M,N=Q 
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satisfy the SO (9, 1) current algebra 

N^(y)NP' 7 (z) -> ^— ^ ^— ¥1 - 3^ — (3.4) 

where the constant 5'0(8)-covariant coefficients (A kl ^ 3 , B , C M -^ J ) will be determined 
in section 4 by requiring that [J M J ~ , Q'] = 0. 

To show that satisfies Q, the free-field OPE's 



r (y)s (z) -» , w J M {y)v N {z) -> , u M (y)t N (z) -» , (3.5) 

y — ^ y — ^ y — 2 

will be used. The only non-trivial part of checking the current algebra involving 
(N jk , N j+ , N+-) are the double poles of N jk with N jk and N+~ with N+~. The double 
pole of N^ k with iV jfc gets a contribution of +2 from the first term and 

oo oo 

+2-2 + 2- 2 + ... = 2V (-1) M = 2 lim V (-x) M = 2 lim(l + x)" 1 = 1 (3.6) 

' J x— >1 ' ^ x— >1 

M=0 M=0 

from the other terms, which sums to +3 as desired. The double pole of iV -1 with iV H 
gets a contribution of +1 from the first term, —2 from the second term, and 

oo oo 

-2(2 2 - 3 2 + 4 2 - 5 2 + ...) = -2 - 2 ^ M 2 (-1) M = -2 - 2 lim ^ M 2 (-x) M (3.7) 

M=0 X ^ M=0 

from the remaining terms. But by taking derivatives of Y2^m=q(~ x ) M = (1 + x )~ 1 : one 
finds 

oo 

lim V M 2 (-x) M = lim (2(1 + x)~ s -3(1 + x)~ 2 + (1 + x)" 1 ) = 0, (3.8) 

x— »1 ' J x— »1 

M=0 

so the iV H double poles sum to —3 as desired. 

To check the current algebra involving iV J ~ , it is convenient to define 

N j ~ - A J - = Sd4 - v k V k - viA+~ + \v k v k wl - vlv k w k + \cai^r a (3.9) 

= a[ + a J 2 + a J 3 + a\ + a J 5 + Oq, 



where A J is the second line of N 3 in ( |3.3|) and where 

A_jk = N jk _ v [J w k] ^ A +- = N +- _ v k w k 



are the terms in N^ k and iV -1 which do not involve Vq. Since A- 7- does not involve Vq, one 
can easily verify that with (N hl , N k+ , A^ ) satisfies the current algebra of ( |3.4]) . As 
usual when constructing Lorentz generators out of light-cone variables, the most difficult 
part of the current algebra to check is that (y)N k ~ (z) has no singularity. This will be 
done by first showing no singularity in (A^~ — A^~)(y)(N k ~ — A k ~)(z), then by showing 
no singularity in (A^~ — A^~)(y)A k ~ {z) + A- 7- (y)(N k ~ — A k ~)(z), and finally by showing 
no singularity in A J_ (y)A k ~ (z). 

To show that (N j ~ - A^>-)(y)(N k - - A k ~)(z) has no singularity, one can use 

tf[k\j}rn( \_zm[kU]l( \ Xm[j Xk]l K 



to compute that 



a\ 2 {y)a k A) {z) -> — — rV l v l Q Ai k , 
a\ 2 (v)a k ,(z) -> — L^ V J>'A*M 



»(vK)(*) - (^y< A J < 

2 



4(y)4(z) -> [ffl fc r;fco ~ «M] 

+ r ^r[<5 3 ' fc «S9t;5 - ug9vS - uSA^'t;J ] - ^^A^], (3.11) 
a J 3 (i/)o*(z) - ^— — + (^y^o^o, 

1 1 1 

4{v)4iz) - ~ Ty U z) 2 vJ o v o ~ T^b) N^o + WvoHh 

3 -.-i, ; ; 3 



where all functions on the right-hand side of (|3.11| ) are evaluated at z and A^ and a-} are 



defined in ( |3.10| ) and QOl). Furthermore, one can check that 

a{(y)a k (z), a J 6 (y)a^(2), a^a^z), a^d/jaj^z), a^a^z), 

0( 3 (j/)°4)( z )i a (3^) a 5)W: aJiCl/JaJ)^), aj 4 (j/)a{)(*), aj 5 (y)a^(z) 



have no singularities. One can now easily sum the OPE's of (13HD to show that (A^" - 
Aj~)(y)(N k ~ — A k ~)(z) has no singularity. 

The next step is to show that (N j ~ - A j -)(y)A k ~ (z) + A j -(y)(N k ~ - A k ~)(z) has 
no singularity. The only contribution comes from 

(4 + 4)(y)A k -(z)+Ai-(y)(a k 2 +a k 3 )(z) -> (_L_ + _i_)(^* v {A i - -t;?A fc )-), (3.12) 

which has no singularity. Finally, it will be shown that A- 7- (y)A k ~ (z) has no singularity. 

From the explicit form of A J_ in the second line of ( |3.3| ), one can check that 
A J_ (y)A k ~ (z) — > (y — z)~ 1 W k (z) where R? k is cubic in the variables, linear 

in the [w 3 m^ uC m) variables, and does not involve w J or Uq. As will be shown in section 4, 
Q(J N j ~) = where Q = f(cf+ s a G a - s a s a b) and f and G a are defined in Q. So 
[/ iV J ", / iV fc "] = / i?^ implies that Q(/ i? jfc ) = 0. But since R? k does not involve Wq or 
Wq, Q(J -R- 7 ^) = implies that ffl k = 0. To prove this, note that 

= Q([/<| R kl }) = [J(cv{ + s a ai4),J R kl ] = [jcv{,j R kl ], (3.13) 

= Q([| fg, | W k }) = [ j {ct\ + s a ai a v{),J R kl ] = [ j ct«, j R kl ], 

which implies that R^ k does not involve w{ or uf. Similarly, one can argue that if R^ k is 
independent of w 3 N and u^, then it is independent of w J N+1 and u% +1 . So R^ k = 0, which 
completes the proof that (y)N k ~ (z) has no singularity. 



4. Lorentz Invariance of BRST Operator 



In this section, the BRST operator Q' of ( |2.2| ) will be shown to be Lorentz invariant for 
a certain choice of the coefficients A,, \ B^.f 1 ^ and C 1 ^^ of (13731). Under commutation 

Klm kab abk vl 17 

with M^ v of ( |3.1| ), [s a , a°j a v 3 QS a + ctg] transform as the sixteen components of an SO(9,l) 
spinor and [— \{c + cVqVq), cVq, — \{c — cVqVq)] transform as the ten components of an 
SO(9,l) vector, so the terms [s a (7"d) a + (afs a v J + ctg)(7 + d)"] and [fen - + cv J U j + 
7}CVqVqI1 + ] in Q' are easily seen to be Lorentz invariant. 

Therefore, Q' is Lorentz invariant if [/ N*", Q] = where Q = J {cf + s a G a - s a s a b). 
One can easily check that [J N^ + ,Q] = and [J N^ k ,Q] = 0, so the only remaining 
question is if one can define the coefficients in A J_ such that [J N^~ : Q] = 0. Using the 
OPE's of (|3.5|), it is straightforward to compute that 

[ J (N j ~ - A J -), Q] = J (cE J + s a F aj ) where (4.1) 

oo 

E* = 6dv{ + v k 1 J2 K M + l W k v l M ™ l M + v&w§] (4.2) 

M=l 

oo ^11 °° 

+v k W + -JVHlA + -v 3 *t%u h M ] + -(^a k ). b 4 [<4 + v k M+1 uU 

M=0 M=0 



F aj = ^Ld4 + *aa4 £ [(M + l)S jk V l M W l M + V&wQ] 

M=l 



3 • ■ 1 
+a k aa 4 K M + zW k t b M u b M + -a^t» 

M=0 



So one needs to define the coefficients (A¥,^, B, , C 1 ^^) such that 

\ Kim ao k i 

[Q, [ A J ~] = [ (cEP + s a F a i). (4.3) 



By requiring that both sides of ( fL3| ) coincide for all terms involving either v\ or t^, 
one learns that 

A™* = = --(M + 1)(M + 2)P k 5 lm - i(M + 2)5 jl 5 km + \(M + l)5 jm 5 kl , (4.4) 

b imj = _l, M 2 ) 2 5 jk 5.L — -(M + 2)a jk 

kab 2 2 ab 



b moj = -l(M + 3)8 jk 6.t-~(M + l)<r i t 

kab 2 2 db 

C ^ = -C?f?' = 4^^ fl6 - t(M + 2)a j 1. 

abk bak 4 aD 4 ' ab 

The only non-trivial check is that the terms 6 J cdv\ and 3 J s a cr 3 a& dtQ on the right-hand 
side of ( |4.1| ) are correctly produced by [Q, A J ' - ]. The first term is obtained from 

/ao oo 
cS„*(2 £ 4^ - £ B»«) (4.5) 
M=l M=0 

/OO OO 
c^")(2 E (-2(M + 1)(M + 2) - -(M + 2) + -(M + 1)) - E (-4(M + 2) 2 )) 

M=l M=0 

/oo oo 
c<9^')(- ^(2M + 3) 2 + ^(2M + 4) 2 ) 

M=l M=0 

/oo „ oo „ 

cdv j )( E M 2 (-1) M ) = ( / cdv j )(6 + M 2 (-1) M ) = 6 / edit 

M=4 J M=0 ^ 

using the result of ( |3.8| ). The second term is obtained from 

/oo oo 

M=l M=0 
- oo oo _ 

= / (*Xd^)( E ("a ^ M + 3) - 2 (M + 1)) - 2 E (-7^ - 3 (M + 2))) 

M=l M=0 

/oo „ oo 

E (" 2M " 1 )(- 1 ) M = / («°°2X)(3 + lim E (-2M - 1)( 



-1)(-*) M ) 



M=3 " M=0 

= /(^«S)(s + limf-^ + Th )) = 3 I s<V - flt ° 

where we used that (1 +i)" 2 = — <9 X (1 + x) _1 = X1m=o -^( — ^) M_1 - 

Finally, the remaining coefficients in A J_ can be determined inductively by requiring 
that all terms in [Q, A J_ ] either involve v\ or £g. This implies that 

<f = <!f " 1W + for JV, M > 1, (4.7) 

S*f = Bf'f-'W + B <«-i)"i for M > j and N > „ 

fcdo redo fcdo 

= C M(iV-l)i + C (M-1 W for M > Q 
abk abk abk 
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